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Abstract. In this paper we classify, under certain restrictions, all homogeneous conformal sub- 
algebras £ of a lattice vertex superalgebra Va corresponding to an integer lattice A. We require 
that £ is graded by an almost finite root system A C A and that £ is stable under the action 
of the Heisenberg conformal algebra Sj C Va- We also describe the root systems of these subal- 
gebras. The key ingredient of this classification is an infinite type conformal algebra R obtained 
by the Tits-Kantor-Koeher construction from a certain Jordan conformal triple system 3- We 
realize a central extension A of .ft inside the fermionic vertex superalgebra Vz , thus extending the 
bozon-fermion correspondence. 



Introduction 

One of the first origins of vertex algebras was the explicit constructions of representations of 
certain Lie algebras by means of so-called vertex operators. The first construction of this kind was 
done by Lepowsky and Wilson |p2[ , who constructed a vertex operator representation of the affine 
algebra A± . Their work was later generalized in fl7|| . Frenkel and Kac Jl(| and, independently, 
Segal |^9| constructed the basic representations of the simply-laced affine Lie algebras using the 
so-called untwisted vertex operators as opposed to twisted vertex operators of Lepowsky and Wilson. 
Later vertex operators were used to construct a large family of modules for different types of Lie 
algebras, including all of the affine Kac-Moody algebras, toroidal algebras and some other extended 
affine Lie algebras, see e.g. O, [l^, [l3], |25|, ^lj and references therein. The advantage of vertex 
operator constructions is that they are very explicit. They have yielded a lot of interesting results 
for combinatorial identities, modular forms, soliton theory, etc. 

It seems to be a natural problem to describe all Lie algebras, or at least a large family of Lie 
algebras, for which the vertex operator constructions of representations work. Our first observation 
is that in some of the cases described above the Lie algebras, whose representation are constructed 
by vertex operators, correspond to conformal algebras, introduced by Kac |l5| , see also [ p6[ 
On the other hand, vertex operators give rise to another algebraic structure, called vertex algebras, 
studied extensively in e.g. |9[ O, [l5|. A vertex operator construction of representations of 
Lie algebras amounts sometimes to an embedding of a conformal algebra into a vertex algebra 
generated by vertex operators, so that the vertex algebra becomes an enveloping vertex algebra of 
these conformal algebras. 

In the present work we make the first step in describing the Lie algebras representable by vertex 
operators. We classify the Lie algebras that can be realized by the untwisted vertex operators of 
Frenkel-Kac-Segal. The vertex algebra generated by these vertex operators is also called lattice 
vertex algebra, because its construction depends on a choice of an integer lattice. In fact there is a 
functor that for every lattice A with an integer- valued bilinear form ( • | ■ ) gi ves a vertex superalgebra 
Va = ©ag A ^ A graded by the lattice A, see || fj], [n], [l5| and also §L7 of this paper. If A is a 



simply-laced root lattice of a finite-dimensional simple Lie algebra, then Va. is a module over the 
corresponding affine Kac-Moody algebra. Lattice vertex algebras play an important role in different 
areas of mathematics and physics, in particular the celebrated Moonshine vertex algebra V\ such 
that Aut is the Monster simple group, is closely related to the lattice vertex algebra of certain 
even unimodular lattice of rank 24, called the Leech lattice [|[ O . 
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So the problem in our case takes the following form: describe all conformal subalgebras of the 
vertex operator superalgebra V\ corresponding to an integer lattice A. 

Of course, we are not interested in just any subalgebras of V\, which are numerous beyond any 
control, but rather in those subalgebras £ C Va which can be explicitly realized by vertex operators. 
A careful look at the results cited in the first paragraph reveals that the requirements for £ are the 
following: 

• £ = © Ag a ^ a i s homogeneous with respect to the grading by the lattice A. Here £a = £n V\. 
Let A = {A S A | £ A ^ 0} be the root system of £. 

• |A| < oo. In fact we can somewhat relax this requirement in the case when A is semi-positive 
definite, see § |4.l| . 

• £ is stable under the action of the Heisenberg conformal algebra fj c Vq, see §1.7. 



Yet another important thing is to study all possible root systems which could be obtained in this 
way. 

Some unexpected results occur already in the case when the rank of A is 1, see §4.2. It turns 
out that besides well known realizations of the Clifford and affine s?2 algebras, one also gets the 
realization of the N — 2 simple conformal superalgebra, see e.g. and also of the conformal 

algebra & (or rather its central extension &) , obtained by the Tits-Kantor-Koeher construction from 
certain Jordan conformal triple system 3, see §g. This exhausts all possibilities for rank 1 lattices. 
In §4.3 we extend this result for the lattices of rank 2 and then in §4.4-§4.6 we generalize the 
classification for the case of an arbitrary lattice. 

We also classify all finite root systems of conformal subalgebras of Va, see §|4.4 Most of them 
occur if A is positive definite. In this case all such indecomposable root systems A are in fact 
classical Cartan systems of type other than F± and G^- However the corresponding Lie algebras are 
affine Kac-Moody only when A is simply-laced, and then we are in the situation of We also 
explain what goes on if the lattice A is semi-positive definite and outline the relation to the theory 
of extended affine root systems (EARS), see 

Another important motivation of the present work is the combinatorial approach to vertex alge- 
bras. Once we know how to construct free vertex algebras, see p7| , we can consider presentations 
of vertex algebras in terms of generators and relations. If a vertex algebra 5J turns out to be an 
enveloping vertex algebra of a small conformal algebra £, then one can hope for getting a nice pre- 
sentation of 23. For example, the Frenkel-Kac-Segal lattice vertex algebra of an affine simply-laced 
Kac-Moody algebra is finitely presented. It seems to be a very interesting problem to study pre- 
sentations of other lattice vertex algebras and also of the Frenkel-Lepowsky-Meurman Moonshine 
vertex algebra . 

The paper is organized as follows: We start with a review of the t heory of conformal superalgebras, 
following mainly the lecture notes by Kac jlE] and a lso p7|. I n §L4 we construct most of the examples 
of conformal superal gebr as used later on. Then in §L5-§L6 we outline the theory of vertex algebras, 
using again fill . In § |l.7| we describe the construction of lattice vertex superalgebras. In §[^ we review 
the Tits-Kantor-Koeher construction and use it to get the conformal algebra A. Having done that 
we review the so-called bozon-fermion correspondence, which is essentially the study of the lattice 
vertex algebra V% c o rres ponding to the lattice Z. Sections § 3^1 -§3^2 are again taken from 

In sections §3.3-§3.4 we explore the structure of Vz as a module over the conformal algebra 2U 
of differential operators on a circle. This is the same as the module structure of the Lie algebra 
W+ = k ( i, f> | [t, f> ] = 1 ) ^ ^ of differential operators on a disk. We note that while the representation 
theory of the Lie algebra W = k(i,t, _1 ,p \ [t, p] = l)^ of differential operators on a circle, as 
well as that of the related vertex algebra Wi+oo, has been extensively studied (see e.g. ||]), the 
representation theory of W+ seems to be mostly unknown. 

In §4.1 we give a rigorous formulation of the problem and introduce the necessary definitions. 
Then in §4.2 we use the above results to study the subalgebras of V\ in case when rk A = 1. In §4.3 
we proceed to the case when rkA = 2. This allows in §4.4 to classify the root systems for the case 
when the lattice A is positive definite and in §|4.5| to describe all finite root systems. Finally, in §4.6 
we outline the relation with the theory of EARS. 

Throughout this paper all spaces and algebras are over a ground field k of characteristic 0. 
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1. CONFORMAL AND VERTEX ALGEBRAS 

1.1. Formal series and conformal algebras. Let L = L° ® L 1 be a Lie superalgebra. Consider 
the space of formal power series L[[z ±1 ]]. We will write an element a € L[[z ±:L ]] in the form 



a = 



^""^ a(n) z n 1 , a(n) 6 L. 



Denote L^ 1 ]]' = L 8 ^ 1 ]]®! 1 ^ 1 ]] C L[[z ±1 ]]. The space L[[z ±l ]] is endowed with a deriva- 
tion D = d/dz and a family of bilinear products ED , n G Z+, given by 



i=0 



am/3)(m) = [ U ) [a(n- i), 0(m + i)]. (1) 



We say that a pair of formal series a,j3 £ I/[[z ±:L ]] are local if there is N = N(a,0) € Z + such 
that 

N /N\ 

53(-l)M . )[a(n-i),f3(m + i)] = 

for all m, n € Z. In particular we have a ED = for all n N. 

The Dong's lemma |ll| |23j states that if a, j3, 7 € i[[z ±1 ]] are three pairwise local formal series, 
then a ED /? and 7 are local for all n € Z+ . 

Let £ C L[[z ±1 ]] / be a subspace of pairwise local formal series closed under D and under all 
products ED . Then £ is a Lie conformal superalgebra. 

Alternatively, we can define a Lie conformal superalgebra axiomatically as a k[D]-module £ = 
£° ffi £* equipped with a family of products ED , n € Z+ satisfying the following axioms (see e.g. 
(HI 0): For any homogeneous a,b,c£ £, 

CI. (locality) a ED 6 = for n > 0; 
C2. (Da) ED 6 = -na ["Ell 6; 
C3. D(a ED 6) = (Da) ED + a ED (Do); 
C4. (quasisymmetry) 

aED6= -(-l) p(Q)p(b) V(-l)"+4^ l (&[-±i]a); (2) 

C5. (conformal Jacoby identity) 

(aED6)E_lc= (3) 

J2(-^y(^j (^a^Ell{b\^B\c) - {-i)p( a ^ b h[^E\ (aEE3c)^. 

Here p(a) is the parity of a. 

One can prove that any subspace in L[[z ±:l ]]' of pairwise local series, closed under the products 
(|j) and D = d/dz satisfies all these axioms. 

We will often use the notation D» = (-l) nl r D n . 

1.2. The coefficient algebra. Let il be a k[D]-module. Its space of coefficients U = Coeffil is 
constructed as follows. Consider the space il£g> k[t, t^ 1 }, where t is an independent variable. We will 
write a <S>t n — a(n) for a € it. Let E = Span k {(Da)(n) + na(n — 1) | a € it, n£ Z}. Then let 

17 = CoefFil = it® k[t, t-^/E. 

There is a homomorphism it — ► U[[z ]] given by a 1— ► X)n a ( n )- Z ~" _1 - This homomorphism is 
the universal one among all the representations of il by formal series: if il — » [/'[[z ±:L ]] is another 
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k[Z)]-homomorphism, then there is a unique homomorphism U — > U' such that the diagram 
commutes. 

If il has a structure of a conformal algebra, then the space U = Coeff it becomes a "usual" algebra. 
The product on U is defined by 

[a(m), b(n)] = ( m J (o0 b)(m + n - i). 

The sum here makes sense due to the locality of a and b. In this case U is called the coefficient 
algebra of 11. It still has the universality property mentioned above. 

Let £ be a Lie conformal superalgcbra and let L = Coeff £ be its Lie superalgebra of coefficients. 
Then L = L_ © L + is a direct sum of subalgebras £_ = Span {a(n) | a € £, n < 0} and L + = 
Span {a(n) | a € £, n ^ 0}. The derivation D is also a derivation of L, acting by D(a(n)) = —na(n— 
1). We see that L_ and i + are closed under the action of D. 

1.3. Conformal modules. Let as before £ be a Lie conformal superalgebra and let L = Coeff £ = 
L- © L + be its Lie superalgebra of coefficients. Denote by L + = L + © kD the extension of L + 
by D. A module over £ is by definition a L + -module il, such that for any u € il and a € £ we 
have a(n)u = for n S> 0. One can view il as a k[Z?]-modulc such that for any a e £, u e il and 
n e Z + there is an action a HD u S il, so that the semidirect product £ k il becomes a Lie conformal 
superalgebra, and il being its abelian ideal. 

The space of coefficients U = Coeff il becomes a module over L by 

a{m) u{n) = ^ | m ) (a u) (m + n — i). 



1.4. Examples. 

1.4.1. Affine algebras. Let g be an arbitrary Lie superalgebra. Consider the corresponding loop 
algebra q = q <£> k[t, f -1 ]. Now for any define 

a=^at n z~ j - 1 eJIM" 1 ]]. 

It is easy to see that any two a, b are local with N(a, b) = 1 and 

SHU = [a, 6]. 

By the Dong's lemma the series {a \ a e g} C g[[z,z -1 ]] generate a Lie conformal superalgebra ©. 
As a k[D]-module, © ^ k[L>] © g. 

In practice we are often interested in central extensions of loop algebras. Assume that g has 
trivial odd part, and that g is equipped with an invariant bilinear form ( • | • ). Consider then the Lie 
algebra Aff(g) = (g © k[t, t^ 1 ]) © kc with the brackets given by 

[a(m), b(n) ] = [a, b](m + n) + 5 m - n m (a\b) c. 

The algebra Aff (g) is called the affinization of g. It is the coefficient algebra of a conformal algebra 
2lff(g) C G[[z, z^ 1 ]] which is generated by the series a = J2 n a ( n ) z ~ n ~ X for a e g and c = c(— 1) so 
that Dc = and 

a\o\b=[a,b], SE b = (a\b) c. 

In the case when g is an abelian Lie algebra, the corresponding Affine algebra Aff(g) is a Heisen- 
berg algebra, and 2lff (g) is a Hcisenberg conformal algebra. In the physics literature the series a are 
sometimes referred to as bozons in this case. 
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1.4.2. The Clifford algebra. As another example, take q to be a two-dimensional odd linear space 
spanned over k by g\ and g_\. Consider the central extension CI = q £g> k^i^ 1 ] © kc of the 
corresponding loop algebra with the brackets given by 

[9e(m), g- e (n)] = 6 m +n ,-lC, £ = ±1, 

the rest of the brackets are 0. We let c to be even. The algebra CI is called the Clifford Lie 
superalgebra. ft is the coefficient algebra of the conformal Lie superalgebra €X C Cl[[z, z -1 ]] spanned 
over k[D] by j e = g £ , e = ±1, and c = c(— 1) with the products given by 7 e [o] j_ e = c (the rest of 
the products are 0). The series 7± e are sometimes called fermions by physicists. 

The Clifford algebra CI is doubly graded: set p(j e (n)) — e and d(j £ (n)) = — n — | for e = ±1, n € 
Z, so we get 

CI = ^^C7p 5 Clp = Clp,d- 

pez 



The conformal Clifford algebra €1 is also doubly graded such that d(^ e ) = ~, p(j s ) — e, p(c) = 
d(c) = and £l p , d M <Llp>,d' C €X P+P ', d-\-d' — n — 1 7 

1.4.3. T/ie £ie algebra of differential operators. Another example of conformal algebras is obtained 
from the Lie algebra of differential operators. Let A = k (p, t ±x \ [t, p] = 1 ) be the (localization in t 
of) the associative Weyl algebra. Let W = A^ be the corresponding Lie algebra. It is the coefficient 
algebra of a Lie conformal algebra 2JJ C W[[z, z^ 1 }) which is spanned over k[D] by elements 



y- 



p m t n z -n-l c W [[z,Z-^ 

' — ' m\ 

with the multiplication table 

,— , / m + n — k\ k n ^—^fm + n — k — s\ ( \ 

PmlMpn = [ ^ JPm+n-fc - (-1) / A n J D Pm+n-k-s- (4) 



The algebra W has a unique central extension W = W(Bkc, defined by the 2-cocycle <j> : W x W — > 
k given by 

^t fc ,p"t')=Wn,fc+K-l) ro m!^f ^ A (5) 

\m + n + 1/ 

The algebra 14 7 is usually referred to as Wi +00 , see e.g. ||. It is the coefficient algebra of a central 
extension 2D = 2D kc of the conformal Lie algebra 2D, defined by the conformal 2-cocycle Q 
4> k ■ 2D x 2D — > kc, fee Z + , given by 

<t>k\Pm,Pn) — <5fc, m +„+l(-l)" l C. (6) 

The algebras W and W are graded by setting degp = degt -1 = 1, degt = — 1, dege = 0. The 
conformal algebras 2D and 2D inherit the gradation from W and W respectively, so that we have 
deg(p m ) = m+ 1, degD = 1, deg \E = -k - 1. 

1.4.4. TTie Virasoro conformal algebra. Here are all non-zero products in 2D between po and pi: 

PoEpo^c, PoCDpi=Po, PotHpi^c, 
PiODpi = -Dpi, PiHpi = 2pi, piH]pi=-c, 
PiEpo = -Dpo, piEp =Po, Pi@Po = -c. 

The element po_€J 2D generates a copy of the Heisenberg conformal algebra S) = 2lff(k) C 2D, 
introduced in § |l.4.l| . Its coefficient algebra H = Coeff fj is the affinization of the one-dimensional 
trivial Lie algebra, so we have 

[po(m), p (n)] = 5 m - n mc. 



CONFORMAL SUBALGEBRAS OF LATTICE VERTEX ALGEBRAS 



6 



The element p\ G 2U generates the Virasoro conformal algebra QJir C 2U. Its coefficient algebra 
Vir = Cocff 5Jir is spanned by p\ (m) for m£Z and c with the brackets given by 

[pi(m), pi(n)] = (m - n)pi(m + n- 1) - d m +n,2 ( 3 Jc. 

Together po and Pi span a semidirect product 23ir k ft c 2U. 
Note that degpo = 1 an d degpi = 2. 

1.4.5. Af = 2 simple Lie conformal superalgebra. A conformal algebra 21 is said to be of a finite type 
if it is a finitely generated module over k[D]. The algebras 2Jit, €1 and 2lff(g) for finite dimensional 
g defined above are of a finite type. All simple and semisimple Lie conformal superalgebras of finite 
type are classified by Kac in G3], see also JEJ for the non-super case. 

Besides the algebras mentioned above we will need in the sequel the following simple finite type 
Lie conformal superalgebra, called the N = 2 Lie conformal superalgebra. It is spanned over k[D] 
by two odd elements 7-1,7+1 and two even elements v, h. Elements v and h generate respectively 
the Virasoro and Heisenberg Lie conformal algebra, so the even part of the N — 2 superalgebra is 
equal to 5Jir k f). The remaining non-zero products between the generators are 

7-1 00 71 = v + -jDhi 7-i 071 = ^ "l7±i = £>7±i, 
3 

»Hl7±i = -7±ii hM"f±i = ±7 ± i. 
Use (|J) to get products in the other order. 

1.5. Vertex algebras. In order to define vertex algebras, we need to consider the so-called fields 
instead of formal power series. Let V = V° ® V 1 be a vector superspace. Denote by gl(V) the Lie 
superalgebra of all k-linear operators on V. Consider the space F(V) C gl(V)[[z, z -1 ]]' of fields on 
V, given by 



F(V)= £a(n) 



Vw G V, a(n)v — for n>0 



For a(z) e F(V) denote a~{z) — Xm<o Q! +( 2: ) = Xin>o a ( ,i ) z "' 1 ' Denote also by 

1 = 1f(v) € F(V) the identity operator, such that 1(— 1) = Idy, all other coefficients are 0. 

In addition to the products ED , n e Z + , defined by ([!]), the space of fields F(V) has products 
ED for n < 0. Define first by 

a(z) EH P{z) = a-(z)(3(z) + /3(z)a+(z). 

Note that the products of fields here make sense, since for any v E V we have a(n)v — (3(n)v = 
for n > 0. 

Next, for any n < set 

1 



0(2) ED /3(a) = t — (D-^aiz)) EH P( 



(-n-1)! 

dz ' 



where D = 4-. It is easy to see that 



aEH^=ct, aE^l 1 = -Da, 1 ED a = <5-i, n a. 

It also follows easily from definitions that I? is a derivation of all these products: 

D(a ED (3) = Da ED (3 + a ED Dp. 

We have the following explicit formula for the products: if (a ED P) (z) = ^2 m (a ED P) (m) . 
then 

(a ED /3) (to) = ^(-l) s+n ( " Ja(s)/3(TO + n-s) 

- (-l)PWp( b ) J](-l) s+ " M /3(to + n - s)a(s). 
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The notion of locality introduced in §[Tl] applies also to fields without any changes. The Dong's 
lemma holds for fields instead of formal power series as well. 

A vertex superalgebra is a subspace of fields 93 C F(V) such that 1 G 93, a ED G 93 for every 
a, f3 G 93 and n G Z, and every a,/3 G 93 are local to each other. For an axiomatic definition of 
vertex superalgebras, equivalent to the above description, we refer the reader to [?], [HJ p"5| . 

For a vertex superalgebra 93 one can consider the left regular action map Y : 93 — > F(93) given 
by y(a)(z) = ^ neZ (o[I] • ) One of the main properties of vertex superalgebras is that Y is 

a vertex superalgebra homomorphism, in particular Y(a@b) — Y(a) ®Y(b), which is equivalent to 
the following generalization of the conformal Jacoby identity (0) : 



(a0l))Sc = ^(-l) s+ " JaH (b\m±EEBc) 

, v (7) 

_ (-I)pMpW Vf-l) s +» f " J fc |m+n-»| (aBc), 



for all rn, n G Z. 

We note that vertex superalgebras are in particular conformal superalgebras. Moreover, it can 
be shown that the quasisymmetry identity (|^) holds in vertex superalgebras for all integer n. 

1.6. Enveloping vertex algebras of a conformal algebra. Let again £ be a conformal super- 
algebra and L = Coeff £ = L_ L + be its coefficient Lie superalgebra. Denote by L = L kD the 
extension of L by the derivation D, see §[l]^. Consider a homomorphism of conformal superalgebras 
p : £ — * 93 of £ into a vertex superalgebra 93. If 93 is generated as a vertex superalgebra by p(£) 
then we call it an enveloping vertex superalgebra of £. 

An L-module (or L-module) U is called a highest weight module if it is generated as a module 
over L by a single element u € U such that L+u = Du = 0. In this case u is called a highest weight 
vector. 

It is well-known JTB], 26, that the enveloping vertex superalgebra 93 has the structure of 



a highest weight module over L — Coeff £ © kL> with the highest weight vector 1 defined by 
a(n)v — p(a) ED v. Ideals of 93 are L-submodules and if pi : £ — ► 93i and p2 '■ £ — » 932 are two 
enveloping vertex algebras of £ and ip : 93i — > 932 is a vertex algebra homomorphism such that 
piip = p2 then -0 is an L-module homomorphism. Conversely, any highest weight module V over 
L with the highest weight vector 1 has a structure of enveloping vertex algebra of £ with the map 
p : £ — > V given by /o(a) = a(— 1)1. In this case we have a(n)v = p(a) ED v for a G £, submodules 
of V are vertex ideals and if p : V\ — * Va is a homomorphism of two highest weight L-modules such 
that = 1 then p is a vertex algebra homomorphism. 

We also mention the notion of universal (or Verma) highest weight module over L. It is defined 
by V(L) — Ind£ kl = U(L) ®u{L + ) kl. The action of the derivation D on L can be naturally 

extended to the action on V(L), so V(L) becomes an L-module. Verma module is universal in 
the sense that for any other highest weight module U with highest weight vector u there is unique 
homomorphism V(L) — » U such that 1 h «. So the theorem implies that the enveloping vertex 
algebra corresponding to the Verma module V(L) is universal in the obvious sense. It is called the 
universal enveloping vertex algebra of £. 

1.7. Lattice vertex algebras. In this section we construct a very important example of vertex 
superalgebras, called lattice vertex superalgebras. We mostly follow |l5|| , see also H [Hll). The 



Frenkel-Lepowsky-Meurman Moonshine vertex algebra V\ for example, is closely related to the 
vertex algebra corresponding to the Leech lattice — a simple unimodular lattice of rank 24. Also, 
the lattice vertex algebras play a very important role in physics. 

We start from an integer lattice A of rank £. It comes with an integer- valued bilinear form ( ■ | ■ ). 
Let f) = A (8>z k and we extend the form to f). Let v : f) — > f)* be the usual identification of f) with f)* 
by means of this form. 



Let Sj = 2lff(f)) be the Heisenberg conformal algebra corresponding to the space f) (see §1.4.1), 



and let H = Aff(f)) = Coeff Sj be its coefficient Heisenberg algebra. Take some (3 G A and let Vp be 
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the canonical relation representation of H, that is, a highest weight irreducible iJ- module generated 
by the highest weight vector vp such that h(Q) — (h\(3) Id, c = Id. 

It follows from §1.6 that Vb is an enveloping vertex algebra of Sj, Vo = 1. It can be shown that 
Vp is a module over the vertex algebra Vb. We define Va = ®p e ^ Vp = Vb ® k[A]. 

Let e : A x A — > {±1} be a bimultiplicative map such that 

e(a,/3) = (-l) (a|Q)W) (-l) (a|/3) e(/3,a). (8) 

for any a, (3 G A. We remark that it is enough to check the identity (ra) only when a and /3 belong 
to some Z-basis of A; then (||) will follow for general a, [3 by bimultiplicativity. 
Let 

1 — ► {±1} — ► A — ► A — * 1 

be the extension of A corresponding to the cocycle e. Let e : A — > A be a section of this extension. 
The extended lattice A acts on the group algebra k[A] of A by e(a)e 13 — e(a, f3)e a+ ^ . 

For m S let V(m) = | fc = (fci, fca ; • ■ • ) [ fej 0, X)i>i ^ — m | be the set of partitions of to. 

The main result || 0, [ll], [l|| is that there is a unique vertex superalgebra structure on V = Va 
such that a ED u = a(n)i> for any a G 9j C Vb and beF. The products are defined by 

v a \mv p = e{a,0) ]T n(^T^) 3 ^- ( 9 ) 



In particular, w Q ED = if n ^ — (a|/3) and v a [^H^)-jJ u /3 = e i a i P) v a +p, v a I "("I/ 3 )" 2 1 vb — 
e(a, (3) a(— l)v a+ p. Note that V a ED Vp C V^+,3. 
The even and odd parts of V are 

qGA: agA: 
(a|a)G2Z (a|a)G2Z+l 

The vertex algebra V is simple if the form ( • | • ) is non-degenerate. 

Under the left regular action map Y : V — > F(V) the elements w a are mapped to the so-called 
vertex operators 

Y(v a ) = T a {z) = e(a)z Q(0) £;_(a,z) J B + (a,z), 

where 

a(n) 



E ± (a,z) = expY -^^z~ n € F(V), 



and the field € F(V Z ) is defined by z q(0) |t/ = E„ e z z ™- We also have 

[/i(n), e(a) ] = <5„ j0 (a|ft) e(a). 

Besides the grading by the lattice A, the vertex superalgebra V has another grading by the group 
iZ, so that degw a = i(a|a), dega = 1 for every a € f), deg ED = — n — 1 and degD = 1. We have 
decomposition 

Vp= Vp.,. 

de Lim +z+ 

Let (ai, ... ,ae) and (Pi,... ,/3i) be dual bases of f), i.e. such that (a,|/?j) = Then the 
element = \ Yl j=i a i Pi & V) generates a copy of the Virasoro Lie conformal algebra QJit, 
defined in § 1.4.4 , such that w0d = DV for all v G V, wi» = (degw)u for all homogeneous u € V, 
= and wHw = ±1. 

We will identify the Heisenberg conformal algebra Sj with its image in Vq under the map h i— ► 
/i(-l)l for h E f), c i-> 1. 

We remark that the vertex superalgebra structure of Va is very explicit. A basis of Va is given 
by all expressions of the form 

ai(ni)a 2 {n 2 )...at(ni)vp, a iy (3eA, > n, e Z. 
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and the products of these elements are easily calculated using the formula (||) , the following identities 
in Coeff V A : 

[a(m), v fj (n) ] = (a\/3) vp(m + n), [a(m), (3(n) ] = {a\j3)m5 m ,-n 
for a, ft G A, m, n S Z, and the identities (^) and (0) of vertex superalgebras. 

2. Jordan triple systems and Tits-Kantor-Koeher construction 

2.1. The Tits-Kantor-Koeher construction. Let L = L_i Lq L\ be a three-graded Lie 
algebra, such that [L i; Lj ] C L i+ j whenever S { — 1, 0, 1} and [Li, Li ] = [L_i, L-i ] =0. 
Assume that Lo = [L_i, Li ] and Lo H Z(L) — 0, where i?(L) is the center of L. Consider a pair of 
trilincar maps 

ip+ : L\ x L_i x Li — > Li, : L_i x Li x L_i — * L_i, 

given by (p±(a, b, c) = i [ [a, 6], c]. The tuple J = { (L_i, Li), y>± } is a so-called a Jordan pair. All 
Jordan pairs can be obtained in this way. In fact one can define Jordan pairs formally by imposing 
certain axioms on the maps <p±\. From an abstractly defined Jordan pair J = { (L-i, Li), ip± } one 
can construct a three-graded Lie algebra L{ J) = L_\ Lo © Li, where Lo = T>{ J) is the Lie algebra 
of inner derivations of J. This is is known as the Tits-Kantor-Koeher construction, sec 30 20, |T|. 
A Jordan pair J is simple if and only if the TKK Lie algebra L( J) is simple. 

A derivation d = (d-,d+) of a Jordan pair J = {(L_i,Li), tp±\ } is a pair of linear maps 
d- : L- — > L_, d+ : L+ — * L+, such that 

d±(ip±(a,b,c)) = <p±(d±(a),b,c) + <p±(a,d T (b),c) +<p±(a,b,d±(c)). 

As it is the case for other algebraic structures, the set of all derivations of J is a Lie algebra under the 
usual commutator operation. Let a E L-i, bE L\. It turns out that d a b = (<f-(a,b, •), ip+(b,a, ■ )) 
is a derivation of J, called an inner derivation. The Lie algebra Lo can be identified with the set 
*D(J) — {dab | a e L_i, b 6 Li} of all inner derivations of J by d a b = ^[a, b]. 

There is a very important case when L_i = L\ and y> + = </?_. Then J is called a Jordan triple 
system. In terms of the three-graded Lie algebra L = L(J) this means that there is an involution 
a : L — > L such that c(L £ ) = L_ £ , e ~ ±1, is the identification of L_i and L±. All Jordan pairs we 
deal with in this paper are in fact Jordan triple systems. 

2.2. Example: associative algebras. Here we consider some important examples of Jordan triple 
systems. Let A be an associative algebra. We define a triple operation (p: AxAxA^A by 
<p(a, b, c) = i(a6c + cba). The TKK Lie algebra L(A) can be identified with a subalgebra of the Lie 
algebra gh(A) of 2 x 2 matrices over A modulo the center: 



L(A) = Span k j ( ^ b Jj E gl 2 (A)/Z(gl 2 (A)) 



a,b,c,d E A 



Here L(A)-i consists of lower triagular matrices, L(A)i consists of upper triangular matrices 
and L(A)o is the space of all diagonal matrices in L(A). Quite often it happens that L(A) = 
gl 2 (A)/Z(gl 2 (A)). 

Now assume that there is an involution or an anti-involution r : A — > A on A. Then both the 
set A T of r-stable elements and the set A~ T of those elements that change sign under the action of 
r are closed under the triple operation. The corresponding TKK Lie algebra L(A ±T ) can be still 
represented by 2 x 2 matrices over A. Consider the case when r : A — > A is an anti-involution. Then 



L(A^) 



-r(x) b 
a x 



a,bE A ±T , xEV C A { - 



where T> C A^' is a Lie subalgebra of A^ generated by all elements of the form ab for a,b E 
A ±T . We see that T> — L(A ±T ) is precisely the Lie algebra of inner derivations of the Jordan 
pair (A ±T 7 A ±T ). It acts on A ±T by x.a — xa + ar(x) where x E T>, a E A ±T . The involution 
a : L(A ±T ) -> L(A ±T ) acts by ( £) ^ ( % _ T a ix) ), therefore, a\ v = -t. 
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2.3. The conformal algebra Now let A = k (p, t, t^ 1 | [t, p] = 1 ) be the localized Weyl algebra, 
the one we have dealt with in §1.4.3. It has an anti-involution t : A — > A defined by r(t) = t, r(p) = 
—p. The space J = A~ T is a Jordan triple subsystem of A. It is easy to see that J is simple. Let 
K = L( J) = J © V( J) © J be the TKK Lie algebra corresponding to J. 

Lemma 1. The Lie algebra K is the coefficient algebra of a simple conformal algebra 

Proof. First we construct the k[D] -module Z, such that J = Coeff Z- The anti-involution r acts also 
on the k[_D]-module 21 C A[[z, z~ 1 ]], generated by the series p m = J2 n P m ( n ) z ~ n ~ X £ A\\z, z -1 ]], see 
1.4.3| . (In fact 21 has a structure of an associative conformal algebra, see [jl6[ p7|). We let Z = 21" 



to be the k[£)]-submodule of 21 consisting of those elements of 21 which change sign under the action 
of t. We have J = Coeff Z- 

The Weyl algebra A is spanned by the coefficients p m {n) = ^ip m f , m £ Z + , n S Z, see § 1.4.3] . 
Therefore the space J is spanned by the elements 



u m (n) = r{p m (n)) - p m (n) = -i- + (-1)™ V f ? ) -— — p 



m—ij.n—i 



1 J (to 



for all to € Z + , n € Z. Then the series 

m 

n£Z »=0 

span -3 over k[D]. Since u m (n) + r(tt m (n)) = 0, we have 

Uro + (-l) m ^£>«u m _i =0, 



«>o 



therefore, if to is even, then we get 



~Y, D{i)u ™-i- (10) 



The remaining series {u m | m <E 2Z + + 1} form a basis of 3 over k[D]. 

Some simple calculations show that the algebra T>(J) of inner derivations of J = A~ T is equal to 
the whole W = 4H. So J is a module over W, where the action is given by x.a = xa + ar{x) for 
x £ W and a £ J. This action induces the following action of 2U on Z'- 

I m + n — k\ \ ( to + n — i\ (j \ 

P m (k)U n =[ )Um+n-k - O)fe,o(-1) / A )D ( 'u m + n -i (11) 

\ TO / z — ' V TO / 

v 7 i^O v 7 

for all to, n e Z + . 

So we obtain TKK conformal algebra 8. = &_i ffi.Soffi.fti C K[[z, z -1 ]], where a k[D]-basis of &q = 
2B is given by p m £ W[[z, z^ 1 ]] for to G Z + , a k[Z?]-basis of ft_i = Z is given by u m £ J[[z, z^ 1 ]] = 
K-i[[z, z -1 ]] for to £ 2Z + + 1, and &i — Z is spaned over k[D] by the basis a(u m ) £ Ki[[z, z^ 1 ]] for 
to G 2Z + + 1. Here a : & — > .ft is the involution identifying fti with .ft_i. Since the coefficients of 
these series span K and are linearly independent, we have K — Coeff ft. 

The formula ( pT| ) shows that p m and u n in if [[z, z^ 1 ]] are local, hence so are p m and a(u n ). The 
series u m and cr(zt n ) are local as well because the product x K\ — > Ko is just the the associative 
product in A if we identify K-\ = K\ = A~ T C A and Kq — A as linear spaces. □ 

Here is the multiplication table in The products of p m and p n are given by (|]) , the products 
p m \Bu n = p m (k)u n are given by (|ll|), 

p m H a(u n ) - (-l) m+1 ^ + ^ a( Um+rl _ fe ) 
i=0 ^ 7 
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, ' N (13) 

M I ( 3 k\ r i\m( 3 l 

I 



(-ir£(-i)l;)( [ J ~ )-(-ir( 7 : ) )D^ Pj - k 

3,1 



Remark. We see that 3 has all the rights to be called a conformal Jordan triple system. We could 
have defined the conformal triple operation on 3, this would be a family of trilinear maps, depending 
on two integer parameters. 

The algebras K and 8. have central extensions K = K kc and & — 8. ® kc respectively, defined 
by 2-cocycles <fi '■ K x K — > kc and 0fc : ^ x & — ► kc, fc 6 Z + , given by 

0( Um (fc), a(«n(0)) = <W+« (-1)'" ( m + * + x ) (P + ") - l) , 

(/)fe (ti m , <r{u n )) = S k , m +n+l (-1)™ ( _ 1 j ' 



(14) 



Remark. It is possible to show that conformal algebra A (and even its subalgebra 2U k J) is not 
embeddable into an associative conformal algebra, though it is finitely generated and has linear 
locality function, see p8| . It is proved in p8| that the linearity of locality function is a necessary 
condition for embedding of a finitely generated conformal algebra into an associative conformal 
algebra. 



3. BOZON-FERMION CORRESPONDENCE 

3.1. Lie algebras of matrices. Let gloo be the Lie algebra of infinite matrices which have only 
finitely many non-zero entries. Denote by E^ the elementary matrix that has the only non-zero 
entry at the ith row and jth column. Then we have 

[E^, Ek,i ] = SjkEu — SuEkj. 

Let M be the Lie algebra of infinite matrices that have only finitely many non-zero diagonals. 
Both algebras gl^ and M are graded by setting the degree of Eij equal to j — i. 

It is well-known |Q that gl^ and M have unique central extensions gl^ = gl^fSkc C M = M©kc 
defined by the 2-cocycle <j)(A,B) = tr([A J]B), where J = J2i<o E a e M - We set de S c = °- Thc 
values of <j> on the elementary matrices are given by 



4>{Ei,j,E ktl ) 



SuSjk if 3 < and i 0, 

—SuSjk if i < and j > 0, (15) 
otherwise. 



The associative Weyl algebra A = k (t, t 1 ,p \ [t, p] = l) is embedded into the associative algebra 
of infinite matrices by 



i,i+l 7 



hence the Lie algebra W = A^ defined in §1.4.3, is embedded into the Lie algebra M. 

Lemma 2. The restriction of the 2-cocycle <p on W precisely coincides with the 2-cocycle on W 
given by (|). 

Proof. Express the linear generators of W in terms of elementary matrices 

Pm(n) = —. P m t n = (-l) m V ( l + m )Ei, i+m . n . (16) 
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Then using the formula ( |15[ ) we obtain by some calculations that 

k 



m + n + 1 



4>(p m (k),p„(l)) = 5 m+ntk+ i (-l) r 

□ 

Therefore the central extension W of W is embedded into the Lie algebra M, 
3.2. The Clifford vertex superalgebra. Let £1 be the Clifford conformal superalgebra, defined 



m 



1.4.2, and let CI = Coeff €1 be its coefficient Lie algebra. Let U = U (C7)/(c = 1) be the quotient 



of the universal enveloping algebra of CI over the ideal generated by the relation c = 1 . 



The following lemma is proved by a straightforward computation, see e.g. [13 
Lemma 3. Let = 7-i(i)7i(— j — 1) € U for i,j€Z and let 

~ = \ -7i (~j - 1)7-1 (*) if «=i^0, 
1 eij otherwise. 

Then the mapping Eij i— ► defines an embedding of the Lie algebra gloo of inhnite matrices (see 
§3.1 ) into U, and the map Eij i— > ey, c > 1 defines an embedding of the Lie algebra gl^ into U . 



Note that d(eij) =j — i = deg-Ey, p(e y -) = 0, see § jl.4.2 for notations 



Now consider the universal highest weight module V over CI, see § |l.6| . By definition V is generated 
over CI by a single element 1 such that cl = 1, = and V = U(Cl) <8u(c?!+)©kc ^1. As a 

linear space V can be identified with the Grassman algebra k[7 e (n) | e = ±1, n < 0], on which c 
acts as identity, 7 e (n) for n < acts by multiplication on the corresponding variable, and if n 
then 7 e (n) acts as an odd derivation. It follows that V is an irreducible C7-module. 
The module V inherits the double grading from Cl, so we have 

v = @v p , v p = v p , A . 

p£Z deZ/2 

2 

It is easy to see that if V p ,d ^ then d — | g Z and <i ^ ^- . Indeed, let 

to = 7_i (ni) A 7_i (n 2 ) A • ■ • A 7-i(n fc ) A 71 (mi) A 71 (m 2 ) A • • ■ A 71 (mj) G V, 
n>i < tt-2 < . . . < rife < 0, mi < ?7i2 < . . . < m; < 0, 

be such that p(w) = p > 0. Then Z ^ p and ^ —mi — m 2 — . . . — mi — 4 ^ 

Remark. There is a alternative construction of V using semi-infinite wedge products, see e.g. fl5| , 
chapter 14]. It implies that in fact diir% V p _d = P(d — %-)> where P(n) is the classical partition 
function. 



The module V has the structure of enveloping vertex superalgebra of £[ (see §1.6) such that the 



embedding €X — > V is given by a t— > a(— 1)1. We will identify €1 with its image in V. We have 

pG2Z pG2Z+l 

A certain completion U of the algebra f acts on the vertex algebra V — some infinite sums of 
the elements of U make sense as operators on V. In particular the closure of the algebra gl^ C U 
spanned by (see Lemma [|) is the algebra M C U. It follows also that the algebra W C M acts 
on V and there is a map TO V given by a n a(— 1)1. The following lemma describes the image 
oficV, see e.g. ||. 

Lemma 4. Tiie mapping p m 1 — ^ 7— 1 1-™- 1 1 71 defines an embedding of the conformal algebra 2U 
into Vo C V. 
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Proof. Using (|l^) and Lemma |^ we get: 

( 7 -iE^7i)W= E (-l) m ( m + l )l-x(ihi(n-m-l-i) 

E % \x{n-m-l- i) 7 -i(i) 



i£2 



= (- 1 )™E ( * )^i,i-m+n = Pm(n) 



□ 



Now let us apply the construction of§[L7| to the lattice A = Z, generated by a single vector a, 
such that (a|a) = 1. Then the formula (|9|) implies that the elements v± a S Vz generate a conformal 
superalgebra isomorphic to the Clifford algebra <2X As a result we get that the vertex algebra V is 
canonically isomorphic to the vertex algebra Vz corresponding to the lattice Z constructed in § |l.7| . 
This statement is known as bozon-fermion correspondence. 

Let us describe the image of the algebra 237 in Vq in terms of the lattice construction. It could 



be easily proved that po — —a € S) C Vq, p\ = \ aE3a — \Da = id — \Da (see §1/7) so that 
Pi [U v — Dv for all v £ V. In general, for n 2 we have 



x 

(n + 1)! 

n— 2 times 

n + i 



(17) 



(-(aEUa) EH" -♦•)PI1a - (■ ■ ■ (a ED a) ED a • • ■ ) E3 a 



2 

3.3. Inside the Heisenberg vertex algebra. Here we investigate further the embedding 2U C Vq 



of the conformal algebra 2U into the vertex algebra Vq, constructed in §3.2 



Theorem 1. The conformal algebra 2JJ C Vb is a maximal conformal subalgebra of Vq. 

By Lemma ||, the space Vq is a module over the Lie algebra gl^, and in fact over M. For the 
proof of Theorem [l] we need to study the gZ^-module structure of Vq . Recall that the Lie algebra 
gl^ has a structure quite similar to the structure of a Kac-Moody Lie algebra. Let C gl^ be the 
maximal toral subalgebra of gl^ spanned by all diagonal matrices and c. Let 0' C 0* be the space 
of functionals on Z) which take only finitely many nonzero values on En for i € Z. Let \ €5', i £ Z, 
be the functional on d such that Xi(Ejj) — 5y, A,(c) = and let A c € Z>' be such that \ c (Ejj) = 
for all j £ Z and A c (c) = 1. The algebra is O-diagonalizable, the root vectors being the elements 
i 7^ ij whose weights Ay = Aj — A, G 0' are called the roots of g/^. If i < j we call the root Ay 
positive, otherwise we call it negative. 

The element 

!c if j < & % ^ 
-c if j>0&i<0 (18) 
otherwise 

is called a coroot. Denote by II = {A £ d' | X(Hij) £ Z for all coroots Hij} the set of all integral 
weights. 

Let U be a g/^-module. It is called 0- diagonalizable if {/ = ®ago' C/aj where [/a = 
{« G (/ | i3w = X(H)v V H £ t)}. The module U is called integrable if it is O-diagonalizable and 
all Eij for j 7^ j are locally nilpotent. Finally, U is called a lowest weight module with lowest weight 
X £ d' if it is generated by a single vector v £ U\ such that EijV — when i > j and for any 
h £ 5 one has Tin = X(h)v. A lowest weight module U of lowest weight A is integrable if and only if 
A £ II and A(ily) ^ when i < j, sec |l3|, Chapter 10]. For a J)-diagonalizable module U denote by 
S(U) = {X £ 5' | U x + 0} the set of weights of U. 
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The g/^-module Vb is an integrable irreducible lowest weight module generated by the lowest 
weight vector vq = 1 of weight A c . Using the general theory of integrable modules over Kac-Moody 
algebras |Q, we can easily describe the set of weights S(Vb). Before we do that we need a notion 
from combinatorics, see [ p4[ . 

Let k = (fci ^ &2 ^ • • • ) S V(rn) be a partition of an integer m and let k' = (k[ ^ k' 2 ^ . . .) £ 
V(m) be the dual partition, i.e. corresponding to the transposed Young diagram. Let I = be 
the number of rectangles at the main diagonal of the Young diagrams of k and k' . Then the pair of 
sequences 

£ = (ki,k 2 - l,k 3 - 2, . .. , ki - I + 1), 77 = (k[ - 1, k' 2 - 2, £3 - 3, ... , fc,' - Z) 
are called Frobenius coordinates of k. We have 

i 1 

£1 > 6 > ■ ■ • > 6 > 0, 771 > 773 > . . . > 77/ > 0, ^ & + X] ^ = m ' 

i=l i=l 

The Frobenius coordinates £, 77 of k determine the partition k uniquely. We will write k = (^\rf). 
Lemma 5. 3(Vb) = [J 3 m , where 



= A c + ~*%) 



The homogeneous component Va >m of Vq is decomposed into a direct sum of 1-dimensional root 
spaces 

Vo,m= V ,x, dimVo,A = l. (19) 

AGH m 

Remark. Though this lemma could be proved using only the fact that Vo is the irreducible lowest 
weight gl^-modvle of weight A c , in our case the proof is even simpler since we already know that 
dimVo. m = P(m), so we only have to check that weights /j,(k) indeed appear in S(Vb). 

We will write l(p) instead of 1(k) if fi = /j,(k) £ 3(Vb) is the weight of Vo corresponding to a 
partition n £ V(m). 

Next we will study the action of the elementary matrices Eij £ gl^ on Vb in greater detail. Recall 
p3| , Chapter 9] that there is a contravariant form (• | • ) on Vo such that (1|1) = 1, (Vb, m |Vb,„) = 
for m ^ n and = (u\A t v) for any u, v £ Vb, A £ M, A* being the transposed matrix of A, in 

particular a(n) — a{—n) for a(n) £ H . The following lemma is proved along the same lines as the 
analogous result about the integrable modules for Kac-Moody algebras, see [[l3| Chapter 10]. 

Lemma 6. Let u £ Vb.p be a homogeneous vector of weight /j, £ S(Vb). If sign(i — j) p(Hij) > 
then EijU £ Vb^+Aj-Aj and (Eiju\EijU) = (u\u), otherwise EijU = 0. 

Here ify is given by (|l8|). Note that from Lemma [| follows that fJ,(Eij) £ {0, ±1}. 

We now investigate the structure of Vb as a SB-module. By definition (see § |1.3| ) this is the same 
as the action of W+ ® kD on Vq. Since pi(0) acts as D, the action of 2U on Vb amounts only to the 
action of the Lie algebra W + — W + — k (p, t \ [t, p] = 1 \ 

Lemma 7. (a) Any W+-submodule of Vq is homogeneous with respect to the root space decom- 



position (19) 



(b) Let v £ Vb.A for some A £ 2(V ). Then 

W+v = V , M . 

M£H(V ), 

Proof. Recall that Vb is a module over the Lie algebra M, which is a central extension of the Lie 
algebra M of infinite matrices with finitely many non-zero diagonals, and that W is embedded in 
M by formulas (uw. Let Mq be subalgebra of diagonal matrices of M. Since 0(Mo,Mo) = 0, we 
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get that Mq is a subalgebra of M. Any functional from U' takes values on Mq as well, so we have 
5' C Mq . Let Wo = Span {p m (m) | m £ Z} be the subalgebra of W consisting of all elements of 
degree 0. We have Wq C Mq under the mapping (|l6|). To prove |(a)| it is enough to show that any 
two different weights A, [i £ S(Vo) remain different after restriction to Wo. But this follows from the 
fact that \i for i £ Z are linearly independent on Mq because Xi(p m (rnj) = (— l) m ( l „!™)- 

For the proof of |(b)| we note that by (|l6| ) every element p m t n £ W+ is an i nfinite linear combination 
of Eij's such that either i ^ or j < 0. Therefore, by Lemma ^| and |(a)| we get that if [i £ S(Vb) 
then for any i, j £ Z such that either i ^ or j < the weight fi + Xi — Xj appears in W+V^. Every 
weight A such that ^(A) ^ l(p) could be obtained by a successive application of this operation but 
no weight of length more than can be obtained. □ 

In particular all weights of 2U C Vq are of length 1. 

Proof of Theorem Let v G Vq \ 20. We have to prove that the conformal algebra generated by v 
and 2U is the whole Vq . By Lemma we can assume that v is homogeneous of some weight /i £ H ( Vq ) 
such that 1(h) > 1. The only weight of degree 4 which is not in S(2U) is A_2 + A_i — Aq — Ai which 



is of length 2, hence by Lemma [7|(b)| , Vb,4 C W+v + 2U. Therefore it is enough to prove that Vo is 
generated as a conformal algebra by 20 and any element u £ Vo,4 \ 20. Take u — a |-3| a. 

Let £ C Vq be the conformal algebra generated by 20 and u. Assume on the contrary that £ C Vq. 



Then Lemma 7(b] implies that there is an integer / ^ 3 such that ^(£) does not contain weights of 
length I. Let / be the minimal possible among such integers. Let 

A* = A_; + . . . + A_3 + A_2 - A 2 - A 3 - . . . - Xi + A c G S(£), 

= 1—1, and let v £ £ M C Vq.^. Let // = fj, + A_i — Ao so that l(n') = I and hence p! ^ S(£). 
We prove that the projection of u [U v onto V^i is non-zero, therefore £^/ ^ so we arrive to a 
contradiction. 

Using that a(k) = -t h = - J^iez #i,i-fc and (0), we get 

(5 EE 5) « = £ ( (2) + ( S X 2 ) ) E ^.«*H^iJ-. - 

The only pairs of E^'s in the above expression that do not kill v and move v to V^i are E-i^Ei.q 
for 2 ^ i ^ /, Ei t oE_i t i for —l^i^ —2, and E^x,o^i,i for either 2^z^/or— —2. Let 
= _E_i.2i?2.o u - Using Lemma|^ we get that E^i^Ei^ v = w for all 2 ^ i ^ / and E^o-^-i.i v = —w 
for all — / ^ i ^ —2. Also, E-\$Ei,i v = — £_i,o£-i -i V. Summing up, we get 



Pr Vfi , (aBa)HlD = £ 



l>(T))-g(GMr 



3x^0 



□ 



3.4. Representation theory of 20. The technique of §3.2 allows to investigate the 20-module 
structure of other spaces V\. This section deviates from the main exposition and will not be used 
later in this paper. We assume here that k is an algebraically closed field of characteristic 0. 

Let A = Z/3 be a lattice of rank 1 generated by a single vector (3. As before let f) = A <g> k. Let 
V = Va = ieZ Vifj be the corresponding vertex algebra constructed in §L7. Take a = -, 13 £ f). 



vW) 

Then (a\a) = 1 and the field a — a(— 1)1 £ Vq generates a copy of the Heisenberg conformal algebra 
Sj and also gives an embedding of 2U in Vo by formulas (|l7|). So V%p becomes a module over 2U and 
over W+. 

If (/3|/3) 7^ 1, then it is not difficult to see that Vip is an irreducible M^-module. In fact, in this 



case we have W+Vip = Vip. If = 1, and in this case A = Z, then as in §3^ we have an action 

of gl^ on V./3 = V.. The module V. is an irreducible integrable lowest weight gZ^-module of the 
lowest weight A c — Aq — Ai — . . . — Aj_i if i ^ and A c + A_i + . . . + Aj if i < 0. 
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We need to introduce the biased Frobenius coordinates of a partition. Let n = (k\ ^ ^ . . . ) G 
V(m) be a partition of an integer m and let k! = (k[ ^ k' 2 ^ . . . ) G V{m) be the dual partition. 
Denote by U(k) the number of squares on the ith diagonal of the Young diagram of n, so that 
U(k) — The biased Frobenius coordinates of k are sequences 

£ = (ki - i, k% - i - 1, . . . , - i - U + 1), r] = (k[ + i - 1, k' 2 + i - 2, . . . , k' h+i - U). 

They determine n uniquely and we will write k — (£1?/)^ 

Let 5(Vi) C 5' be the set of weights of the module Vi- In analogy with Lemma || we have that 
E(Vi)= (J ~ m (V), where 



+ 



S m (K) = <( = Ac + ^ A_ Cj - A % 



k = (Ch> 4 G P(m) 



is the set of weights appearing in the homogeneous component of Vi consisting of elements of degree 
rn + |i 2 . As before we have dim Vj_ u = 1 fo£ every \i G S(Vi). 



Both statements [aj and [b] of Lemma ^ remain without changes. In particular, dimensions of 



homogeneous components of W+-submodules of Vi grow polynomially. 

Question 1. Is it true that all lowest weight W + -modules of polynomial growth are obtained in 
this way? 

4. CONFORMAL SUBALGEBRAS OF LATTICE VERTEX ALGEBRAS 

4.1. Conformal subalgebras of lattice vertex superalgebras. Let A be an integer lattice and 



let Va = © AeA V\ be the lattice vertex superalgebra constructed in § |l.7| . Recall that Vq contains 
the Heisenberg conformal algebra Sj, which is spanned over k[D] by elements of the form h for 
h G f) = k <g> A and 1. The left regular action of this elements is given by Y(h) — J^nez h{n) z _n_1 , 
where the operators h(n) define a representation of the Heisenberg algebra H on Va- 

Let £ C Va be a conformal subalgebra of Va- Assume that £ is homogeneous with respect to 
the grading by A, that is, £ = AeA £a, where £ A = £ n V\. The set A = {A G A \ | £ A 7^ 0} 
is called the root system of £. We will always assume that A = —A. This happens, for example, if 
£ is closed under the involution a : Va — * Va.) corresponding to the automorphism A Ht —A of the 
lattice A. 

We will also assume that £ is closed under the action of the conformal algebra Sj. In this case it 
is easy to show that £ must contain the elements v\ for each A G A. Therefore, the Lie conformal 
superalgebra £' C Va generated by the set {v\ | A G A} will be a subalgebra of £ and will be graded 
by the same root system. From the formula (^) for the products in Va follows that if a, /3 G A be 
such that k — (a\(3) < then v a |-fc-i| vp = ±v a+ p G £', hence a + (3 G A. 

The following proposition summarizes properties of root systems. 

Proposition 1. (a) A set A C A is a root system if and only if the Lie conformal superalgebra 
generated by the set {v\ \ A G A} does not contain any homogeneous components other than 
£a for A G A and £ . 

(b) If A G A is a root system, then A is closed under the negation A 1 — > —A and under the partial 
summation: 

a,/?GA, (a|/3)<0 =*> a + (3 e A (20) 

We are mostly interested in the case when the root system A is finite. If A contains a vector 

A such that (A|A) < then by Proposition |j](b) kX G A for all k = 1, 2, The following lemma 

suggests that we should restrict ourselves to the case when the form ( • | • ) is semi-positive definite. 

Lemma 8. Let A G A be a set closed under the partial summation ( p0| ) such that A = — A and 
Span z A = A. 

(a) Assume that the form ( ■ | ■ ) is not semi-positive definite, i.e., there is a G A such that (ct\ct) < 0. 
Then there is some 5 G A such that (5\6) < 0. 
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(b) Assume that the form ( • | • ) is semi-positive but not positive definite. Then there exists some 
5 e A such that (5\5) = 0. 



Proof. Both statements are proved by a standard argument. Let us prove ( |(a)| ), the prove of ( |(b)| ) 
being identical. Assume on the contrary that (A|A) ^ for every A £ A. Let a £ A be such that 
(ct\a) < 0. Then a could be expressed as a linear combination a = kia± + . . . kiai of elements on £ A 
with integer coefficients. Since A = —A we can assume that all fc; > 0. Assume that the above is a 
combination of this kind with the minimal possible value of ki. Then since (cti\ai) ^ for all i 
and (a\a) < we must have (ai\ctj) < for some i ^ j, but then on + a 3 ■ £ A and we could make 
the expression for a with a smaller sum of coefficients. □ 



The following sections will be dedicated to the classification of finite root systems. In case 
when the bilinear form has a non-trivial kernel, we allow for a bigger class of root systems. Let 
Ao = {A e A | (A|A) = 0} c A be the sublattice of isotropic vectors. Let A = A/A be the positive 
definite quotient. We will denote the projection of an element A £ A to A by A. A set S £ A is 
called almost finite if £ C A is finite. 

We will adopt the following notations. Let A be a semi-positive definite integer lattice and Ao 
and A be as above. Let A C A be a root system. Denote by Ao = A n Ao the set of isotropic roots 
and by A x = A \ A the set of all real roots. Let A = (A/A ) \ {0} be the positive definite root 
system in A obtained from the projection of A to A. 

We also need the following definition. A root system A C A is called decomposable if it can be 
represented as a disjoint union A = Ai U A2 such that for any a £ Ai, f3 £ A2 we have a + (3 £" A. 
Otherwise A is called indecomposable. By Proposition |l|(b) if A = Ai U A2 is decomposable then 
(Ai|A 2 ) = and the Lie conformal superalgebra £ splits into a direct sum £ = £iffi£ 2 such that 
[£1, £ 2 ] =0. In the other direction, however, if £ = £1 © £ 2 so that [£1, £ 2 ] =0, and we set A* 
to be the root system of £j, then though (Ai |Aa) = 0, in general (A x + A 2 ) n A ^ unless the form 
is positive definite. 



4.2. Rank 1 case. Let a € A be a vector in an integer lattice A. Let £ C Va be the conformal 
superalgebra generated by v a and v_ Q in the lattice vertex superalgebra Va, constructed in § Q1 . 
The algebra £ = (BagA is graded by the lattice A. We start with determining all cases when £ 
does not contain any homogeneous components other than £_ Q 9 V- a , £0 9 1 and £ Q 3 v a . 

Clearly, if (a\a) < 0, then take n = — (a\a) — 1^0 and get v a HD V- a = V2a £ £■ hence all 
Vj a £ £ for j £ Z. Also, if (a\a) = then all products in £ are so this case is not interesting. 
Therefore without a loss of generality we assume that {a\a) > 0. 

Proposition 2. If (a\a) — 1 then £ = £1 is the Clifford conformal superalgebra. 
If (<x\a) = 2 then £ = 2lff(s/ 2 ) is the affine conformal algebra si 2 . 

If (a|a) = 3 then £ is the central extension of the N — 2 simple conformal superalgebra. 
If (a|a) = 4 then £ is the conformal algebra constructed in § |2.3| . 
Finally, if (a\a) > 5 then £ = V% a - 

Proof. First we show that if (a\a) = 1, 2, 3 or 4 the conformal algebra £ C Va generated by v a and 
i>_ Q is as claimed. 



As it was remarked at the end of §1.7, all calculations in vertex algebra Va are very explicit. So 
we just have to read off the defining relations of conformal superalgebras from the formula (j^ for 
the products in Va- Of course, the case when (a\a) is 1 or 2 is well-known. Let us do the most 
difficult case when (a\a) = 4. In this case we can identify Za with 2Z C Z by letting a = 2. 

By Lemma [| the elements p m = V-i |-m-i| v\ £ Vq and U span a copy of 2U over k[D] so that 
the products are given by (||) and (^|). Set u m = v-i |-m-i| y_i g V-2,m ^ 1. Recall then there 
is an involution a : Va — ► Va induced by the involution A h —A of the lattice A, so that we 
have a(u m ) = V] \-m-i\ v ^ g y 2 . We have to show that the formulas (|l(i|)-(|l4|) hold for p m ,u m , 
o(u m ) £ V% and c = 1 and also u m \M u n = cr(u m ) [El o~(u n ) = for all integer m, n ^ 1, k ^ 0. 



CONFORMAL SUBALGEBRAS OF LATTICE VERTEX ALGEBRAS 



18 



Let us for example check (|12|). First we note that 

v-i (vi I-"" 1 ! vi) = -vi I-"- 1 ! vi) + [v-i(s), vx(-n - 1) }vi 
— —$i,o Vi(—n — 1)1 + l(i — n — 1) V\ 

= Si,o ~r D n v\ + 5 it n v\. 
nl 

Using this we calculate 

p m E cr(u„) = (u_i |-m-i| Vl ) ( Wl |-»-i| Vl ) 



E 



■a- 1 

m 



u-i(s) — m — 1 — s) n — 1) «i 
(-l)" 1 ^ ( m + fiN ) u_ 1 (fc-m-l-s)«_ 1 (s)ui(-n-l)«i. 



The first sum here is because k — m — 1 — s^O, hence — m — 1 — s) commutes with v± (— n — 1) 
and vi(k — m — 1 — s) v± = v\ \k-m-i-7\ Vl = 0. The second sum gives 

(ZH!! Vl \k-,n-l\ (D n Vl ) - ( m + ^ Vl \k- m -l-n\ Vl , 

n\ \ m J 

and ( |l2| ) follows. The other formulas are checked in the same way. Instead of checking (jl^) directly, 



we note that by §3.4 the 22J-modules U(W+)v±2 and 3 are both irreducible highest weight W+- 
modules corresponding to the same highest weight, hence they must be isomorphic. 

The verification of the conformal cocycle formula ( fl4| ) is done in the same way. 

We are left to show that if n = (a\a) ^ 5, then £ = V\. Recall from § |3.2| that we have an 
embedding 2U C Vq given by ( |l7| ) such that 2Ui = Span k {pt-i, Dpi-2, ■ ■ ■ , D 1 ~ 1 p } C Voi for i ^ 1 
so that 22J.j = Voi for ^ i ^ 3. Simple calculations show that v n \ n-i\ y n g 2Hi_i for 1 ^ i < 4 
and also {l,po,Pi,P2} C Span l; {v- a \ n ~A v a \ 1 ^ i ^ 4}. Since 2U is generated by {l,po,Pi,P2}, 
we have that 233 c £. However, v a l"-5| v Q g VJ)4 \ 2JJ4, therefore, since 2U is a maximal conformal 
subalgebra in Vq by Theorem pi we must have £ = Vq . □ 

It follows that all possible finite root systems A of rank 1 are from the following list: 

Ai: A = {±a}, (a\a) = 2; 

Br. A = {±a}, (aja) = 1; 

d: A = {±a}, (aja) = 4; 

BCi: A = {±a, ±2a}, (a|a) = 1; 
5^: A = {±a}, (a|a) = 3. 
We will generalize this result for the case of a higher ranking integer positive definite lattice A 



and finite root system A £ A in §4^, see Theorem |2|. 

Of special interest is the case when we take the root system A = {±1,±2} C Z is of type 
BC\. Then the conformal superalgebra £ C Vz generated by the set {v±i,v±2 } is isomorphic to 
an extension of A by the Clifford conformal superalgebra €X such that £° = £_2 © £0 © £2 = R and 

£_i © £1 © 1 = <a 

We also remark that £ and ^ are maximal among conformal subalgebras of Vz graded by the 
corresponding root system. 

4.3. Rank 2 case. Consider now two vectors a, (3 € A, where A is an integer lattice as before. Let 
Va be the vertex superalgebra corresponding to A, and let £ C Va be the conformal superalgebra 
generated by v± a and v±p. Since the generators of £ are homogeneous, £ = AeA £a is graded 
by A. Let A = {A e A \ {0} | £ A + 0} be the root system of £. If (a\/3) = then £ = £1 © £ 2 
is decomposed into a direct sum of ideals £1 = (v± a ) and £2 = (v±p) and A = Ai U A2 where 



Ai C TLol and A2 C Z/3, so everything is reduced to the case of §4.2. Therefore without a loss of 
generality we assume that (a\(3) < 0. 

Now we formulate an analogue of Proposition || for the case of two vectors. 
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Proposition 3. Let A = Za + Z/3 be an integer lattice of rank 2. Assume that the conformal 
superalgebra £ C V\ generated by v± a and v±p is graded by a finite or an almost hnite root system 
A C A. Then there are only the following possibilities: 



M 


(a|a) 


= WW) = 2 . 


= - 


1 




(ii) 


(a|a) 


= 2, ({3\f3) = 


1, (a\0) -- 




-1 


(iii) 


(a|a) 


= 4, (J3\P) = 


2, (a\(3) -- 




-2 


(iv) 


(a|a) 


= W) = 1, 


(a\(3) = - 


1 




(v) 


(a|a) 


= W) = 2, 


HP) = - 


2 




(vi) 


(a|a) 


= W) = 3, 


HP) = - 


3 




(vii) 


(a|a) 


= W) = 4 > 


HP) = - 


4 




(viii) 


(a|a) 


= 4, {(3\(3) = 


1, HP) -- 




-2 


In cases 


(i)-(iii) A is positive definite, 


in 


(iv 



the bilinear form spanned by single vector S given by 5 = a + (3 in cases (iv)-(vii) and 5 = a + 2(3 
in case (viii) . The root system is 

!{ ±a, ±/3, ±(a + (3) } in cases (i), (ii) and (iv) 

{ ±a, ±13, ±(a + (3), ±(a + 2(3) } in case (iii) 
{kS, ±a + fc<5, ±/3 + fc<5 | fc g Z} in cases (v)-(viii) 

If (A|A) = 1 or 2 for A e A then £ A = k[Z?]w A , if (A|A) = 3 or 4 then rk k[D] £ A = oo. For 
an isotropic A G A we nave rlc^m] £a = 1,2,3, oo,oo in the cases (iv)-(viii) respectively. Finally, 
rk^rrji £o = 2, 1, oo, 0, 2, 4, oo, oo in the cases (i)-(viii) respectively. 

Proof. By Proposition || the square lengths of a and /3 could be only 1, 2, 3 or 4. Also, {a\(3) ^ 
— i((a|a) + (/3|/3)), because otherwise we would have (a+(3\a+(3) < 0. So we have only finitely many 
possibilities. One can easily check using formulas (||) that every choice of vectors a and (3, not listed 
in (i)-(viii) will give an infinite root system. So it remains to show that in each of the cases (i)-(viii) 
the conformal algebra £ generated by { v± a , v±p } will be in fact graded by the corresponding root 
system A. Let us check this for the most difficult case (iii). In this case £o = 2Ui02U2 is a direct sum 
of two copies of 2U, corresponding to vectors \a and ^a + (3, so that the subalgebras £ a ®2Ui 0£- Q 

and £ Q +2/3 © 2$2 © £„ Q _2,9 of £ are isomorphic to the conformal algebra & constructed in §2. So 
the claim follows from Proposition |[ □ 

4.4. Case when the bilinear form is positive definite. 

Theorem 2. Assume A is a positive definite integer lattice and A C A is a hnite indecomposable 
root system of some conformal superalgebra £ = © Aez ^ £ A C V\, such that A = — A and £ is 
generated by the set {v\ | A 6 A}. Then there are only the following possibilities: 

A-D-E: A is a simply-laced finite Cartan root system of type A n , n (^ 1, 

D n , n 4 or E n , n — 6,7,8 such that (A|A) = 2 for all roots 

A e A. 

B: A is a finite Cartan root system of type B n ,n ^ 1, the short 

roots have square length 1 and long roots have square length 2. 

(When n = 1, A = {±1} c A = Z). 
C: A is a finite Cartan root system of type C n ,n 1, the short roots 

have square length 2 and long roots have square length 4. (When 

n = l, A = {±2} c A = Z). 
BC: A is the union of B n and C n for n 1. 

B°: A is a subset of B n consisting of all the short roots of B n and 
half of the long roots: if a±, . . . ,a n is the basis of A consisting of 
short roots so that (ai|aj) = then all the long roots of A are 
of the form on — ctj, i =/= j. 

B[: A = {±3}cA = z! 

We will call a vector of square length 1 short, of square length 2 long and of square length 4 
extra-long. 
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Proof. Let a, G A be a pair of roots. The root system which they generate must be of one of the 
types (i)-(iii) from Proposition [| It follows that the Cartan number (a, (3) — "j^y is an integer, 
hence A must lay inside a Cartan root system $. Moreover it follows from the structure of root 
systems of rank 2 in cases (i)-(iii) that <E> cannot be of types F4 and Gi , and the condition for the 
square lengths of the root vectors hold. 

Next we want to prove that if A is a finite Cartan root system of the type other than G2 and 
F4 and the length of roots are as prescribed by the theorem, then A is indeed the root system of 
the conformal superalgebra £ C V\ generated by the set {v\ \ X G A}. If A is a simply-laced root 
system of types A-D-E then £ is the affine Kac-Moody conformal algebra, as it is well-known. If 
A is of type B then it is equally easy to check that the space £ = (BaeA M-D]v q © ■£> C Va will be 
closed under the products (^), hence it is the desired subalgebra. 

Let A be of type C n . Let oti, . . . , ct n G A be the basis of A consisting of pairwise orthogonal 
extra-long roots. Take £ = 2Ui © ... © 2U„ C Vq, where Wi is the Weyl conformal algebra spanned 
by v ai ED v^ ai , n £ Z, see Lemma [l| Take £ Qi to be equal to the conformal Jordan triple system, 
constructed in §2, so that the subalgebra £_ Qi © 2Bj © £ Qi is isomorphic to the conformal algebra 
K. If P G A is a short root then take £^ = k^jw^. Using calculations of Proposition || it is easy to 
see that £ = £0 © ® aeA £ Q is closed under the products @. 

Finally, if A is of type BC then the corresponding conformal superalgebra £ is easily obtained 
by combining the conformal superalgebras corresponding to the subsystems of A of types B and C. 

So let A be a finite root system, and let $ D A be a minimal Cartan root system containing A. 
We prove that if <£> is either simply-laced or is of type C or BC then A = 

Assume first that $ is simply-laced. Let a€$\A. Since A spans A over Z we can write a as a 
linear combination of elements of A with integer coefficients. Let a — kiCti, ki G Z, G A, be 
such a linear combination of the minimal length. Since A = —A we can assume that all ki > 0. But 
then since (a\a) = (ai\ai) — 2 we must have (ai\a.j) < for some pair a* 7^ aj, hence on + aj G A 
and we can make the combination shorter, contrary to our assumption. Hence A = <f>. Same 
argument shows that if <E> is of type B or BC then A contains all short roots, and if <E> is of type C 
then A contains all long roots. 

Let $ be of type C. Then A contains all long roots of $. Since $ is a minimal Cartan root system 
containing A, the latter must contain at least one extra-long root a. Let (3 be a long root such that 
(a |/3) = —2. Then by Proposition ||(iii) A contains the whole root system of type C2 generated by 
a and f3, therefore the extra-long root a + 2/3 also belongs to A. Continuing this argument we get 
that all extra- long roots lay in A, hence A = $. 

Assume now that $ is of type B n . When n = 1 or 2 we refer to Proposition || and Proposition ||, 
so assume that n ^ 3. Let ct\, . . . ,a n G A C $ be a basis of A consisting of pairwise orthogonal 
short roots. Let be the set of all long roots in (f>. They form a simply-laced Cartan root system of 
type D n (A 3 if n = 3). The root system A must contain some long roots too. Let A; C be the set 
of long roots of A. They must form a root system as well. It is not too difficult to see that for A to 
be indecomposable the root system A; must be either equal to the whole or to {ai — aj \ i 7^ j}, 
in which case A/ is of type A n _i. This choice of A; is unique up to the action of the Weyl group. 
Therefore A is either equal to $ or is of type 

Finally, let $ be of type BC n . Then by the result of the previous paragraph the set A; of long 
roots must at least contain the set {ai — aj \ i ^ j}. Also, A must contain at least one extra-long 
root. So, as in the case of type C, using (iii) of Proposition || we obtain that A = $. □ 

If the root system A is of the type A-D-E, then the corresponding conformal algebra £ = 
AeA £a C Va generated by the set {v\ | A G A} is the affine Kac-Moody conformal algebra and 
Va is Frenkel-Kac- Segal construction of its basic representation, see fill E9|. In this case £ is a 



central extension of a simple loop algebra, see §1.4.1. If A is of type C then £ is also a central 



extension of a simple conformal algebra, which is a generalization of the algebra ^, constructed in 



§2.3 



4.5. Finite root systems. In this section we describe all possible finite root systems. Let Ac A 
be an indecomposable root system and assume that |A| < 00. As we have seen in §|4.l|, the bilinear 
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form ( • | • ) on A must be either positive or semi-positive definite. Assume that it is semi-positive 
definite. Let n : A — > A be the projection of A onto the positive definite lattice A, and let A = 
7 r(A ) \ {0} C A be the positive definite finite root system obtained from the projection of A, see 
°4.1 for the definitions. The root system A decomposes into a disjoined union A = Ai U . . . U A/ 



of indecomposable root systems, each of them must be of one of the types described in Theorem ^. 
Denote A l = tt" 1 (A,) n A. 

If for some Aj we have #7r _1 (a) = 1 for all a £ Aj then A decomposes as Aj U ( Uj^i A?')' which 
is a contradiction. So we assume that each Ai is a semi-positive definite root system. 

Lemma 9. Let A be an indecomposable semi-positive definite root system such that A is a positive 
definite indecomposable root system of type other than B or B°. Then |A| = oo. 

Proof. The root system A must contain some isotropic roots, otherwise it would be positive definite. 
At least some isotropic root 5 must be of the form 5 = a + j3, where a and are real roots. If A is 
not of type BC then a and j3 have square lengths more than 1 and hence we are in the situation of 
(v), (vi) or (vii) of Proposition ||, so kS £ A for all integer k and A is infinite. If A is of type BC, 
then it might happen that a and (3 have length 1. If this is the case, let a' and /?' be real roots such 
that a' — 2a and (3' — 2/3. Then by Proposition ||(vii), 8' = a' + f3' is an isotropic root such that 
kS' is also a root for all integer k. □ 

Return now to our finite root system A. The lemma implies that all indecomposable components 
Ai of A are of type either B or B°. On the other hand, assume we are given a positive definite 
root system A = Ai U . . . U A; C A such that all components Ai are of type either B or B°. Let 
A s (respectively, Ai) be the set of short (respectively, long) roots of A. There are many degrees 
of freedom in reconstructing the finite semi-positive definite root system A. First we choose an 
arbitrary lattice Ao and set A = A © Ao. Then in each A,; of type B we choose a subsystem A i of 
type Bq. Denote by Q C Ai be the set of all long roots in A which do not get into any of the root 
systems Ai or Aj of type B . For each agSJwe choose an arbitrary isotropic vector 5(a) £ Ao such 
that 5(a) = —8(—a) and for each short root (3 £ A s we choose an arbitrary finite set £(/?) C Ao 
such that S(/3) = — £(/3) = E(— (3). We impose the following restriction: If a £ Q, and (3 is a short 
root such that (a\(3) ^ then 5(a) £ Now we set 

A = {13 + 5 | (3 £ A s , 5e Z(f3)}u{a + 5(a) | aefi}u(Ai\J]). 

To summarize: 

Theorem 3. Assume A C A be a finite indecomposable root system. Then either A is positive 
definite and then A is of one of the types described in Theorem [!|ar A is semi-positive definite, the 
positive definite quotient of A decomposes into a disjoined union A = Ai U . . . U A; of finite positive 
definite root systems of type either B or B° and A could be reconstructed from A by the above 
procedure. 

4.6. Connection to extended affine root systems. In this section we point out the relations 
with the theory of extended affine root systems (EARS), see e.g. jl). By Proposition [| for any two 
vectors a, (3 € A such that (a\a) ^= the Cartan number (a, (3) = 2 ^\a) 1S an m t e g er - This already 
makes A look similar to an EARS. To make the similarity even more complete we must impose the 
following indecomposability assumption: 

V5eA Q 3aeA x such that 5 + a £ A x . (21) 

It is easy to see that if a root system A satisfies (^f|) and A is indecomposable then A lays inside 
an EARS, as defined in page I]. The following theorem shows that in the case when there arc no 
short roots, the structure of A is much simpler than the structure of a general EARS. 

Theorem 4. Assume that A is an indecomposable root system of one of the following types: A n , 
D n , E n , B[ or C n , i-e. A does not contain short roots. Assume also that the condition ( |2l] ) holds. 
Then for any 5 £ A and a £ A we have 5 + a £ A. 

The theorem asserts that A is a sublattice in A and for any a £ A the whole equivalence class 
a + A belongs to A. 
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Proof. Let £ = (J) QeA £ Q C Va be the conformal superalgebra generated by the set {v a | a £ A}. 
We claim that for any /i€()=l®Awe have h(— 1) Vg G 2s- 

Let us first show that the theorem follows from this claim. Let S € Ao and a 6 A. If a 6 A x , 
then using (||) and @, we get 

(a(-l) ua) 0J) a = ±(a|a) u a +<5 G -2, 
hence a + S £ A x . If a g Ao, take some /? £ A x and then using as before, @ and (||), we get 
(/3(-l) «*) (/3(-l) v a ) = ±(/3|/3) <5(-l) v a+s G £, 

hence a + 6 € A . 

Let us now prove the claim. The condition assures that any isotropic root 6 G Ao is obtained 
as a sum S = a + (3 of two real roots a, j3 £ A x . Since A does not have any short roots, the pair 
a, (3 must generate a root system of type either (v) (vi) or (vii) of Proposition |[ So Proposition || 
implies that a{— 1) Vg,0{— l)vs£Lg. 

Assume now that A £ A x is such that A(— 1) vg £ 2s and /i £ A x satisfies (A|/i) 7^ 0. Then we 
have 

(A(-l) v s ) BE iv = ±(A|/*) iv+a G £, 

hence /i + S £ A x . Therefore the real roots /i and fi + S form a root system of type (v), (vi) or (vii) 
of Proposition ||, so we get that fi(— 1) Vg £ £5. 

It follows that for every real root A £ A x which is not orthogonal to either a or j3 we have 
A(— l)vg £ £5, therefore, since A is indecomposable, A(— l)vg £ £a for all A £ A x . The condition 
( pl| ) implies that f) = Span k A x , and the claim follows. □ 
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